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Abstract
In order to establish an explicit connection between four-dimensional Hall effect on S4 and six-dimensional Hall effect on
CP3, we perform the Hamiltonian reduction of a particle moving on CP3 in a constant magnetic field to the four-dimensional
Hall mechanics (i.e., a particle on S4 in a SU(2) instanton field). This reduction corresponds to fixing the isospin of the latter
system.
 2003 Elsevier B.V.
Recently, Zhang and Hu found an interesting four-dimensional generalization of quantum Hall effect based
on the quantum mechanics of noninteracting particles moving on a four-dimensional sphere in the SU(2)
instanton field, with effective three-dimensional edge dynamics [1]. The four-dimensional Hall effect inherits many
properties of its conventional, two-dimensional counterpart [2]. The most interesting property of four-dimensional
Hall effect is that the ground state is separated from the excited states by a finite energy gap, while the density
correlation functions decay gaussianly. This theory was analysed from many viewpoints and extended in various
directions [3–8]. The close similarity of the four-dimensional Hall effect by Zhang and Hu with the conventional
Hall effect is due to their connection with the first Hopf map, S3/U(1) = CP1 ∼= S2 and the second Hopf map,
S7/SU(2)=HP1 ∼= S4, respectively. In fact, the four-dimensional Hall effect by Zhang and Hu could be viewed
as a “quaternionic” analog of conventional quantum Hall effect (we wish to mention also the recent Letter [8],
where the “octonionic” Hall effect on S8 has been suggested, based in the last Hopf map, S15/S7 = S8). In order
to obtain a reasonable thermodynamic limit with a finite spatial density of particles, one has to consider very large
SU(2) representations. In that case each particle has an infinite number of SU(2) internal degrees of freedom. This
yields the conclusion that the spectrum of edge excitations contains massless particles of all spins. Karabali and
Nair avoided the introduction of an infinite number of internal degrees of freedom, suggesting a four-dimensional
Hall effect based on the Landau problem on the complex projective space CP2, as well as its 2N -dimensional
generalization on CPN [5], with effective 2N −1 edge dynamics. Flat limits of the two pictures were considered in
details by Elvang and Polchinski [7]. In both variants a key role is played by the presence of a instanton/monopole
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state.1 Factorizing S7 by U(1), one can get that CP3 is the S2-fibration over S4, which is well known from twistor
theory. It was mentioned in Ref. [5] that the quantum Hall effect on CP3 should be connected with the quantum
Hall effect on S4 via this construction.
In this Letter we establish an explicit correspondence between classical mechanics and underlying Hall effects
on CP3 and S4. Namely, we reduce the Hamiltonian system describing the motion of a particle onCP3 in a constant
magnetic field (“the Landau problem on CP3”) to the Hamiltonian system, describing the motion of particle on S4
in the SU(2)-instanton field (“four-dimensional Hall mechanics”). For this purpose, we rewrite the Fubini–Study
metric on CP3 as follows:
(1)gab¯ dza dz¯b =
dzdz¯
1+ zz¯ −
(z¯ dz)(z dz¯)
(1+ zz¯)2 =
dwi dw¯i
(1+ww¯)2 +
(du+A)(du¯+ A¯)
(1+ uu¯)2 ,
where
(2)z1 =w1u− w¯2, z2 =w2u+ w¯1, z3 = u,
while
(3)A= (w¯1 +w2u)(udw1 − dw¯2)+ (w¯2 −w1u)(udw2 + dw¯1)
1+ww¯ .
Here w1,w2 and u are the conformal-flat complex coordinates of S4 =HP1 and S2 = CP1, while the connection
A defines the SU(2) instanton field. Hence, a particle on CP3 could be viewed as a particle on S4 in the instanton
field, with nonfixed isospin (the S2 sphere plays the role of the internal space of the particle on S4). Then, fixing
the isospin of the system, we reduce the particle on CP3 to the four-dimensional Hall mechanics. The phase space
of the reduced system is T ∗S4 × S2. Surprisingly, performing a similar reduction for the Landau problem on CP3
(i.e., a particle on CP3 in a constant magnetic field) we get a classically equivalent system. The only difference
with the previous system is that the Hamiltonian is shifted by a constant.
Notice that the effective theory of the Hall effect on S4 is defined on fuzzy CP3 [3,6], since in the large mass
limit, when the upper Landau levels go to infinity, it corresponds to the vanishing of the momenta of the system.
In that case, the initial phase space T ∗S4 × S2 reduces to CP3 ≈ S4 × S2. Clearly, the effective theory of the Hall
effect on CP3 is formulated on the same space.
The complex projective space CP3 could be equipped with the Kähler structure given by the Fubini–Study
metric
(4)gab¯ dza dz¯b =
∂2 log(1+ zz¯)
∂za∂z¯b
dza dz¯b,
and with the Poisson bracket
(5){f,g}0 = i ∂f
∂z¯a
ga¯b
∂g
∂zb
− i ∂g
∂zb
ga¯b
∂f
∂z¯a
, ga¯bgbc¯ = δa¯c¯ .
The isometries of the Kähler structure form a su(4) algebra generated by the holomorphic Hamiltonian vector fields
(6)Vµ = V aµ(z)
∂
∂za
+ V a¯µ (z¯)
∂
∂z¯a
, [ Vµ, Vν] = Cλµν Vλ,
where
(7)Vµ = {hµ, }0, {hµ,hν}0 = Cλµνhλ,
∂2hµ
∂za∂zb
− Γ cab
∂hµ
∂zc
= 0.
1 The SO(5) symmetry of the particle on S4 in the SU(2) instanton field has been observed for the first time in [9] and rediscovered by many
authors.
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(8)hT = T a¯bha¯b − tr T̂ , h1a = h−a + h+a , h2a = i
(
h−a − h+a
)
,
where T a¯b = T b¯a , and
(9)ha¯b = zaz¯b1+ zz¯ , h
−
a =
za
1+ zz¯ , h
+
a =
z¯a
1+ zz¯ .
The algebra of ha¯b,h±a reads
{ha¯b,hc¯d}0 = iδa¯dhb¯c − iδc¯bha¯d ,
{
h−a ,h+b
}
0 = iδa¯b(1− trha¯b)+ iha¯b,
(10){h±a ,h±b }0 = 0, {h±a ,hb¯c}0 =∓ih±b δab.
Let us define on T ∗CP3 the Hamiltonian system describing the motion of a free particle on CP3
(11)D= gab¯πaπ¯b, {f,g} = ∂f
∂za
∂g
∂πa
− ∂g
∂πa
∂f
∂πa
+ c.c.
This system has a su(4) symmetry defined by the Noether’s constants of motion
Jµ = V aµπa + V a¯µ π¯a¯, {D, Jµ} = 0, Jab¯ =−izbπa + iπ¯bz¯a,
(12)iJ+a = πa + z¯a(z¯π¯), −iJ−a = π¯a + za(zπ).
In order to connect this system with Hall mechanics on S4, let us embed the seven-sphere S7 in the eight-
dimensional euclidean space C4 =H2, parameterized by four complex (two quaternionic) coordinates
(13)vi = vi + jvi+1, i = 1,2, v1,v2 ∈H, v1, v2, v3, v4 ∈C.
Then, let us consider a five-dimensional Euclidean space R5 parameterized by the coordinates2
(14)w=w1 + jw2 = 2v1v¯2, x5 = v1v¯1 − v2v¯2, w ∈H, x5 ∈R.
It is seen that (14) is invariant under the right action of a SU(2) group
(15)vi → vig, where g ∈H, gg¯= 1.
Now, defining in H2 the seven-sphere S7, by the SU(2)-invariant constraint vi v¯i = 1, we can get the four-sphere
S4 embedded in R5: ww¯+ x25 = 1. Taking into account that g defines a three-sphere S3, we get the second Hopf
map, S7/S3 = S4. The complex projective spaceCP3 is defined as S7/U(1), while the inhomogeneous coordinates
za appearing in the Fubini–Study metric of CP3, are related with the coordinates of C4 as follows: za = λa/λ4,
a = 1,2,3. The expressions (14) defining S4 are invariant under U(1)-factorization, while S3/U(1)= S2. Thus,
we arrive to the conclusion that CP3 is the S2-fibration over S4 =HP1. The expressions for za yield the following
definition of the coordinates of S4:
(16)w1 = z¯2 + z1z¯31+ z3z¯3 , w2 =
z2z¯3 − z¯1
1+ z3z¯3 .
Choosing z3 as a local coordinate of S2 =CP1,
(17)u= z3,
we get the expressions (2).
2 This map is known in quantum mechanics with the name of Hurwitz transformation. It relates the eight-dimensional oscillator with a
five-dimensional Coulomb system with a SU(2) Yang monopole (see, e.g., [10]).
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following transformation of momenta
(18)π1 = u¯p1 − p¯21+ uu¯ , π2 =
u¯p2 + p1
1+ uu¯ , π3 = pu +
p¯2w1 − p¯1w2 − u¯(w1p1 +w2p2)
1+ uu¯ .
The transformed Hamiltonian system reads as follows
D0 = (1+ww¯)2Pi Pi + (1+ uu¯)2pup¯u,
(19){f,g} = ∂f
∂wi
∂g
∂pi
− ∂f
∂pi
∂g
∂wi
+ ∂f
∂u
∂g
∂pu
− ∂f
∂pu
∂g
∂u
+ c.c.
Here we introduced the covariant momenta
(20)P1 = p1 − i w¯11+ww¯ I1 −
w2
1+ww¯ I+, P2 = p2 − i
w¯2
1+ww¯ I1 +
w1
1+ww¯ I+,
and the su(2) generators I±, I1 defining the isometries of S2:
I1 =−i(puu− p¯uu¯), I− = pu + u¯2p¯u¯, I+ = p¯u¯ + u2pu,
(21){I±, I1} = ∓iI±, {I+, I−} = 2iI1.
The nonvanishing Poisson brackets between Pi , wi are given by the following relations (and their complex
conjugates)
(22){wi,Pj } = δij , {P1,P2} = − 2I+
(1+ww¯)2 , {Pi,
Pj } = −i 2I1δij
(1+ww¯)2 .
The expressions in the r.h.s. define the strength of a homogeneous SU(2) instanton, written in terms of conformal-
flat coordinates of S4 = HP1. Hence, the first part of the Hamiltonian, i.e., D4 = (1 + ww¯)2Pi Pi , describes a
particle on the four-dimensional sphere in the field of a SU(2) instanton.
The generators of its symmetry algebra, i.e., so(5), are connected with the symmetry generators of CP4 as
follows:
L11¯ = J2,2¯ + J3,3¯ = i(w¯1p¯1 −w1p1)− I1, L22¯ = J1,1¯ + J3,3¯ = i(w¯2p¯2 −w2p2)− I1,
L+12¯ =−iJ1,2¯ =w2p1 − w¯1p¯2, L
+
12 = iJ−3 = w¯2p1 − w¯1p2 − I+,
L+1 =−i
(
J1,3¯ + J−2
)= (1−ww¯)p1 + w¯1(w¯p¯+wp)+w2I+ + iw¯1I1,
(23)L+2 =−i
(
J2,3¯ − J−1
)= (1−ww¯)p2 + w¯2(w¯p¯+wp)−w1I+ + iw¯2I1.
Here L±
ij¯
,L±12 denote the generators of so(4) rotations, and L±a are the generators of translations.
The Poisson brackets between Pa and u, u¯,pu, p¯u are defined by the following nonzero relations and their
complex conjugates:
(24){Pi,pu} = − w¯i + 2%ijwju1+ w¯w pu, {Pi, p¯u} =
w¯ip¯u
1+ w¯w ,
(25){Pi,u} = (w¯i + %ijwju)u1+ w¯w , {Pi,u} =
%ij w¯j −wiu
1+ w¯w .
The second part of the Hamiltonian defines the motion of a free particle on the two-sphere. It could be represented
as a Casimir of SU(2)
(26)DS2 = (1+ uu¯)2pup¯u = I+I− + I 21 ≡ I 2.
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(27){DCP3, I 2}= {Pi, I 2}B = {wi, I 2}B = {I1, I 2}B = {I±, I 2}B = 0.
Hence, we can perform a Hamiltonian reduction by the action of the generatorD2, which reduces the initial twelve-
dimensional phase space T∗CP3 to a ten-dimensional one. The relations (27) allow us to parameterize the reduced
ten-dimensional phase space in term of the coordinates Pi,wi, I±, I1, where the latter obey the relation
(28)I+I− + I 21 ≡ I 2 = const.
Thus, the reduced phase space is T ∗S4 × S2, where S2 is the internal space of the instanton.
Let us collect the whole set of nonzero expressions defining the Poisson brackets on T∗S4 × S2:
(29){wi,Pj } = δij , {P1,P2} = − 2I+
(1+ww¯)2 , {Pi,
Pj } = −i 2I1δij
(1+ww¯)2 ,
(30){Pi, I1} = i %ijwj I+1+ww¯ , {Pi, I+} =
w¯iI+
1+ w¯w , {Pi, I−} =−
w¯iI− + 2i%ijwj I1
1+ w¯w ,
(31){I+, I−} = 2iI1, {I±, I1} = ∓iI±.
The reduced Hamiltonian is Dred
CP3 = (1+ww¯)2P P + I 2. So, the Hamiltonian of four-dimensional Hall mechanics
is connected with the Hamiltonian of a particle on CP3 as follows:
(32)DS4 =DredCP3 − I 2 (> 0).
This yields an intuitive explanation of the degeneracy in the ground state of the quantum Hall mechanics on S4.
Indeed, since the l.h.s. is positive, the ground state of the quantum Hall mechanics on S4 corresponds to the excited
state of a particle on CP3, which is a degenerate one. On the other hand, the ground state of a particle on CP3
can be reduced to the S4 Hall mechanics when I = 0, which corresponds to a free particle on S4. In the case
I →∞ corresponding to the thermodynamic limit of quantum Hall effect on S4, we get that the ground state on
S4 corresponds to the infinitely higher state of a particle on CP3.
The inclusion of a constant magnetic field, i.e., the consideration of the Landau problem on CP3, provides the
particle with a degenerate ground state. This is the reason why Karabali and Nair were able to observe the Hall
effect on CPN [5]. Let us consider the classical correspondence between the Landau problem on CP3 and the Hall
mechanics on S4, in order to clarify which modifications in the above picture are induced by the inclusion of a
magnetic field.
For considering the Landau problem on CP3, we modify the initial Hamiltonian system (11) as follows:
(33)DCP3 = gab¯πaπ¯b, {f,g}B = {f,g} + iBgab¯
(
∂f
∂πa
∂g
∂π¯b
− ∂g
∂πa
∂f
∂π¯b
)
.
The isometries of CP3 define the Noether’s constants of motion
(34)Jµ ≡ Jµ +Bhµ = V aµπa + V a¯µ π¯a¯ +Bhµ, {DCP3,Jµ}B = 0, {Jµ,Jν}B = CλµνJλ.
The vector fields generated by Jµ are independent on B
(35)Vp = V a(z) ∂
∂za
− V a,bπa
∂
∂πa
+ V a(z¯) ∂
∂z¯a
− V a
,b¯
π¯a
∂
∂π¯a
,
i.e., the inclusion of a constant magnetic field preserves the whole symmetry algebra of a particle on CP3.
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given by (25) and
(36){pup¯u}B = iB
(1+ uu¯)2 ,
(37){wi,Pj }B = δij , {P1,P2}B =− 2I+
(1+ww¯)2 , {Pi,
Pj }B =−i 2I1δij
(1+ww¯)2 ,
where I±,I1 are defined by the expressions
(38)I1 = I1 + B2
1− uu¯
1+ uu¯ , I− = I− −B
iu¯
1+ uu¯ , I+ = I+ +B
iu
1+ uu¯ .
Notice that the expressions (37) are similar to (22) and the generators (38) form, with respect to the new Poisson
brackets, the su(2) algebra
(39){I±,I1}B =∓iI±, {I+,I−} = 2iI1.
It is clear that these generators define the isometries of the “internal” two-dimensional sphere with a magnetic
monopole located in the center.
Once again, as in the absence of magnetic field, we can reduce the initial system by the Casimir of the SU(2)
group
(40)I2 ≡ I21 + I+I− =DS2 +B2/4 ⇒ I  B/2.
In order to perform the Hamiltonian reduction, we have to fix the value of I2, and then factorize by the action of
vector field {I2, }B .
The coordinates (16), (20) commute with the Casimir (40),
(41){Pi,I2}B = {wi,I2}B = {I1,I2}B = {I±,I2}B = 0.
Hence, as we did above, we can choose Pi , wi , and I± as the coordinates of the reduced, ten-dimensional phase
space.
The coordinates I±, I1 obey the condition
(42)I21 + I−I+ = I2 = const.
The resulting Poisson brackets are defined by the expressions (29)–(31), where I1, I± are replaced by I±,I1.
Hence, the Landau problem on CP3 reduces to the Hall mechanics on S4 whose Hamiltonian is defined by the
expression
(43)DS4 =DredCP3 − I2 +B2/4,
where
(44)I  B/2.
Notice that upon quantization we must replace I2 by I(I + 1) and require that both I and B take (half)integer
values (since we assume unit radii for the spheres, this means, that the “monopole number” obeys a Dirac
quantization rule).
We get the following surprising result: the Landau problem on CP3 yields, actually, the same four-dimensional
system on CP3 as a free particle. The only difference between the resulting systems is that the isospin of the
reduced Landau problem has a lower bound I > B/2, while the reduced free particle could be equipped with any
isospin; the ground state of the Landau problem on CP3 corresponds to the excited state of four-dimensional Hall
mechanics.
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the initial symmetry of S4 and CPN (i.e., SO(5) and SU(N + 1), respectively) to SO(4) and SU(N)
(45)HS4 =DS4 + V (ww¯), HCPN =DCPN + V (zz¯).
The inclusion of a potential collects the particle on the edges of S4 and CPN , which are, respectively, three- and
(2N − 1)-dimensional. The relations between the coordinates of CP3 and S4 read
(46)1+ zz¯= (1+ww¯)(1+ uu¯), u= z3,
so that the system on CP3 with a SU(3)-invariant potential cannot be reduced to the Hall mechanics of a system
on S4 in the instanton field. For example, the oscillator on CP3 specified by the potential V = ω2zz¯ which has the
hidden symmetry [11] cannot be reduced to the system on S4 in the SU(2) instanton field. On the other hand, one
can believe that the hidden symmetry (or, at least, the exact solvability) of the oscillator on S4 with the potential
V = ω2ww¯/(1 − ww¯)2 [12], would be preserved after inclusion of the instanton field. If so, one can further
reduce the system to the three-dimensional Coulomb-like system (see [13]), in order to obtain the exactly-solvable
generalization of the Coulomb system with a non-Abelian monopole.
In the large mass limit the upper energy levels of the Hall mechanics on S4 run to infinity, while the lowest
Landau levels are described by the noncommutative mechanics specified by the Hamiltonian HNC = V , with the
phase space CP3 [1,5,6]. So, the Hall effect on S4 corresponds to the Hall effect on CP3 when the potential field
in the latter one breaks the rotational SU(3) symmetry of the system; the infinite number of internal degrees of
freedom arising in the Hall effect on S4 corresponds to the spatial degrees of freedom in CP3. Notice, that the
noncommutative mechanics on CP1 ≈ S2 in a constant magnetic field reduces, at some “critical point”, to the one
with the phase space CP1 [14]. There is no doubt, that a similar mechanism would exist for the noncommutative
mechanics on CP3, i.e., the large mass limit of the Hall mechanics on S4 could be viewed as the “critical point” of
noncommutative mechanics on CP3 (with a finite mass) in a constant magnetic field.
Finally, a few remarks about supersymmetrization are in order. A particle on CP3 could be easily endowed with
N = 4 supersymmetry, due to the Kähler structure of the configuration space [15]. Moreover, supersymmetry can
be preserved upon inclusion of a constant magnetic field, since CP3 has a constant curvature. Considering CP3
as a S2-fibration over S4, we can interpret the constructed supersymmetric system on CP3 as a supersymmetric
extension of four-dimensional Hall mechanics, with some additional degree of freedom. The extra degree of
freedom is introduced when extending the above presented Hamiltonian reduction to the appropriate super-
Hamiltonian one. Performing this step, one could get a well-definedN = 4 supersymmetric four-dimensional Hall
mechanics. On the other hand, in the large mass limit, both the Landau problem on CP3 and the Hall mechanics on
S2 result in systems on CP3, which could equipped with N = 4 supersymmetry by an appropriate choice for the
HamiltonianHNC = ga¯b∂a¯U(z¯)∂bU(z).
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